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Abstract. In this paper, we introduce a new technique into the old topic of Darboux
transformations. In doing so, new solutions corresponding to theKP equation and a localized
soliton solution of theDSIII equation are found explicitly.

1. Introduction

In [1] we considered the constraint of the Kadomtsev–Petviashvili (KP) equation

ut = 3∂−1
x uyy − uxxx − 6uux (1.1)

by the constraint

u(x, y, t) = −2
m∑
j=1

pj (x, y, t)qj (x, y, t) (1.2)

and reduction

pj + q∗
j = 0 j = 1, 2, . . . , m (1.3)

where∗ denotes the complex conjugate andpj satisfy the following equations:

ipjy = pjxx + 2

( m∑
k=1

pkp
∗
k

)
pj (1.4)

pjt = −4

{
pjxxx + 3

( m∑
k=1

pkp
∗
k

)
pjx + 3

( m∑
k=1

pkxp
∗
k

)
pj

}
j = 1, 2, . . . , m . (1.5)

If we solve this two (1+ 1)-dimensional evolution equation, then from (1.2) and (1.3),
we get some solutions of the (2+ 1)-dimensional KP equation. Equations (1.4) and (1.5)
are associated to the Lax pair (1.6), (1.7) and (1.6), (1.8), respectively,

ϕx = (λJ +M)ϕ (1.6)

iϕy = (λ2J + λM +M1)ϕ (1.7)

− 1
4ϕt = (λ3JM + λM1 +M2)ϕ (1.8)

whereλ is a parameter.ϕ is a (m + 1)-component vectorϕ = (ϕ1, . . . , ϕm+1), J , M, M1

are(m+ 1)× (m+ 1) matrices, and

J = diag(1, 0, 0, . . . ,0)

M = (Mi) Mii = 0 Mij = 0 i 6= j i 6= 1 j 6= 1

M1j+1 = pj Mi+1,1 = qi i, j = 1, 2, . . . , m
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where M1 = σ(Mx − M2), M2 = Mxx + MMx − MxM − 2M3 and σ =
diag(1,−1,−1, . . . ,−1) as we know that the Darboux transformation (DT) is a powerful
tool for finding the solution of the soliton equation, but we have to consider theDT under
the reduction individually.

In section 2, we deal with theDT of the equations (1.6)–(1.8) under the reduction (1.3);
the main technique is to introduce a bilinear form and rewrite the usualDT in an alternative
form which is easy to use for computation. This is used to find some solutions of theKP

equation in section 3. In section 4, we consider another (2+ 1)-dimensional equation [2],

axy − axx + 2(bc)x = 0 dxy + dxx − 2(bc)x = 0

ibt + bxy + 2b(dx − ax) = 0 − ict + cxy + 2c(dx − ax) = 0
(1.9)

whereax , dx are real functions andb = c∗, this equation is one member of the Davey–
Stewartson (DS) hierarchy, and it is equivalent to theDSIII equation (we prove it in the
appendix). By the constraint

wx = pqT w =
(
a b

c d

)
pT = (p1, p2) qT = (q1, q2) (1.10)

and, reduction

pj + q∗
j = 0 (1.11)

wherep, q satisfy the equations

py = σ3px +Qp qT
y = qTσ3 − qTQ Qx = [pqT, σ3] σ3 =

(
1 0
0 −1

)
(1.12)

−ipt = pxx − 2wxp iqT
t = qT

xx − 2qTwx . (1.13)

If we can solve equations (1.12) and (1.13), then fromwx − pqT, one gets some solutions
of equation (1.9).

The Lax pair for the equations (1.12) and (1.13) are (1.14), (1.15) and (1.14), (1.16),
respectively.

fx = Uf f T = (f1, f2, f3) U =
( ξ 0 p1

0 ξ p2

q1 q2 0

)
=

(
ξ p

qT 0

)
(1.14)

fy = U1f U1 =
(
σ3ξ +Q σ3p

qTσ3 0

)
(1.15)

ift = U2f U2 =
(
ξ2 + pqT − 2Qx ξp + px

ξqT − qT
x qTp

)
(1.16)

whereξ is a spectral parameter.
We note that by the transformationfj+1 = ψleξx (l ≡ j + 1,mod 3), −ξ = λ, the

equation (1.14) is transformed to the type of the equation (1.6) withm = 2, such that
one can get theDT for the equations (1.14)–(1.16) similarly, and we can use it to find the
localized soliton solutions of the equation (1.9).

2. The DT of the spectral problem (1.6)

It is well known [4] that by theDT

ϕ′ = (λ− S)ϕ S = H3H−1 3 = diag(λ1, . . . , λm+1) (2.1)
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whereH is a non-singular matrix solution of the equations (1.6)

Hx = JH3+MH . (2.2)

Equation (2.1) maps (1.6) to the same types of equation

ϕ′
x = λJϕ′ +M ′ϕ′ (2.3)

and

M ′ = M + JS − SJ = M + [JS] · Sx = M ′S − SM . (2.4)

The main problem is to select3 andH such that the condition (1.3)p′
j + q∗

j = 0 is
invariant after theDT (2.1).

Imposing the conditionλ1 = µ, λj = −p∗, j = 2, . . . , m + 1, we denote byψ , ϕ(1),
ϕ(j) the solutions of (1.6) with spectral parameterλ, λ = µ, andλ = −µ∗, respectively,
and we take

H = Hij = ϕ(j) . (2.5)

Since

ϕ(1)x − (µJ +M)ϕ(1) ϕ(j)x − (−µ∗ +M)ϕ(j) (2.6)

by using the condition (1.3), from (2.6), it yields

((ϕ(j)∗)Tϕ(1))x = (ϕ(j)∗)T(M+ +M)ϕ(1) = 0 (2.7)

whereM+ is a Hermite matrix ofM.
This means that we can takeϕ(j) to satisfy the condition

(ϕ(j), ϕ(i)) ≡
m+1∑
l=1

ϕ
(j)

l ϕ
(1)∗
l = 0 j = 2, 3, . . . , n+ 1 . (2.8)

From equation (2.8), one gets the solutionϕ(1)∗,

ϕ
(1)∗
i = 1i

1 (2.9)

where1k
j is the cofactor ofϕki in the determinant and satisfies

m+1∑
j=1

ϕ
j

i 1
k
j = δki . (2.10)

Since then,

1 ≡ detH =
m+1∑
j=1

ϕ
(1)
j ϕ

(1)∗
j = (ϕ(1), ϕ(1)) . (2.11)

It is very important that the determinant is positive definite.
We introduce the bilinear form

[ψ, ϕ(1)] = (ψ, ϕ(1))

λ+ µ∗ [ϕ(1), ϕ(1)] = (ϕ(1), ϕ(1))

µ+ µ∗ . (2.12)

From equation (2.1), the matrixS can be expressed as follows:

Sij =
(
µϕ

(1)
i 1

j

1 − µ∗
m+1∑
j=1

ϕ
(k)
j 1

(j)

k

)
/1 . (2.13)

By using (2.10),Sij can be rewritten as follows:

S11 = −µ∗ + (µ+ µ∗)ϕ(1)i ϕ
(1)∗
i

1
Sij = (µ+ µ∗)ϕ(1)i ϕ

(1)∗
j

1
i 6= j . (2.14)
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We define

ψi{1} = ϕ′
i

λ+ µ∗ i = 1, 2, . . . , m+ 1 . (2.15)

By using (2.14), from (2.1) we have

ψi{1} = 1

λ+ µ∗
{
λψi −

m+1∑
j=1

Sijψj

}

= ψi +
(µ+ µ∗)

∑m+1
j=1 ϕ

(1)
j ϕ

(1)∗
j ψj

(λ+ µ∗)1

=

∣∣∣∣ ψi [ψ, ϕ(1)]

ϕ
(1)
i [ϕ(1), ϕ(1)]

∣∣∣∣
[ϕ(1), ϕ(1)]

.

(2.16)

We define

pj {1} = ptj qj {1} = qtj . (2.17)

From equation (2.4), it yields

pj {1} = pj + S1j = pj + ϕ
(1)
1 ϕ

(1)∗
j

[ϕ(1), ϕ(1)]
qj {1} = pj − Sj1 = q1 − ϕ

(1)
j ϕ

(1)∗
1

[ϕ(1), ϕ(1)]
. (2.18)

It is easy to see that

pj {1} + q∗
j {1} = 0 .

The iteration of thisDT gives

ψ{N} =

∣∣∣∣∣∣∣∣
ψi [ψ, ϕ1] · · · [ψ, ϕN ]
ϕi [ϕ1, ϕ1] · · · [ϕ1, ϕN ]
...

...
...

ϕNi [ϕN, ϕ1] · · · [ϕN, ϕN ]

∣∣∣∣∣∣∣∣
1(N)

(2.19)

pj {N} = pj + dl1ϕ
l∗
j qj {N} = qj − dljϕ

l∗
1 (2.20)

whereϕl is a solution of (1.6) withλ = µl, [ψ, ϕl ] = (ψ,ϕl)

λ+µ∗
l

, [ϕl, ϕk] = (ϕl ,ϕl )

µi+µ∗
i

, 1(N) =
det([ϕi, ϕj ]), i, j = 1, . . . , N anddji are defined by expansion of the determinants.

3. Some solutions of theKP equation

The Lax pair (1.6)–(1.8), and consequently the compatibility condition, have the same
Darboux covariance properties as (1.6) itself; equations (2.19) and (2.20) constitute the
iteratedDTs, whereϕj are the solution of Lax pair (1.6)–(1.8), we shall use it to generate
the solutions of (1.4) and (1.5), which then give the solution of theKP equation from (1.2).

First of all we takem = 1. It is easy to see thatp1 = −ei(x−y−20t) is a solution of the
equations (1.4) and (1.5), we putp1 as our ‘seed’ into (1.6)–(1.8), and takingλ = 2+ i we
find

ϕ′
1 =

[
e1 − e2

12+ 24i
+ e2t − (1 − i)e2

6 + 12i
y − e2x

12+ 24i

]
e(1+i)x+2(1−i)y−(4+32i)t

ϕ′
2 =

[
e1 + e2t − (1 − i)e2

6 + 12i
y − e2x

12+ 24i

]
ex+(2−i)y−(4+12i)t

(3.1)
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satisfy the equations (1.6)–(1.8) with the coefficientsp1 = −ei(x−y−20t), wheree1, e2 are
constants.

For simplicity, we takee1 = e2 = 1

ϕ′
1 = [(

1
36 + a

) − i
(

1
18 + b

)]
e(1+i)x+2(1−i)y−(4+32i)t

ϕ′
2 = (a − bi)ex+(2−i)y−(4+12i)t

(3.2)

[ϕ′, ϕ′] + 1
4

[
a2 + b2 + (

1
36 + a

)2 + (
1
18 + b

)2] = 1
41 (3.3)

where

a = 1 + t − 1
18y + 1

36x b = 1
6y + 1

18x . (3.4)

We get a new solution of the equation (1.4) and (1.5) withm = 1.

p1{1} =
(

−1 + 4ϕ′
1ϕ

′∗
2

1

)
ei(x−y−20t) . (3.5)

The new solution of theKP equation reads

u = −2p1p
∗
1 = −2

{
1 − 8a

(
1
36 + a

) + 8b
(

1
18 + b

)
1

+
[(

1
36 + a

)2 + (
1
18 + b

)2]
[a2 + b2]

12

}
(3.6)

whereu is a rational function. Figure 1 shows− 1
2u(x, y,0), whent → ∞, u → 1, which

is different from the lump solutions.
Next we takem = 2, andp1 = e−2iy , p2 = 0 as our ‘seed’ the solution of (1.6)–(1.8)

reads

ϕ′
1 = eδ+iε−iy{eλay+iν + e−λay−iν}
ϕ′

2 = −eδ+iθ+iy{eλay+iν−iθ + e−λay−iν+iθ }
ϕ′

3 = 1

(3.7)

Figure 1.
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where

ε = −λ
2

2
y

δ = λ

2
x + λay − 2λ3t

ν = ax − (4λ2a − 8a)t

a =
√

1 − λ2

4
λ real and|λ| < 2

θ = tan−1 λ

2a

[ϕ1, ϕ1] = 1

λ
{e2δ[2 cosh 2λay + cos 2ν + cos(2ν + θ)] + 1} ≡ 1

λ
1 .

(3.8)

We get the new solution of the equations (1.4) and (1.5) withm = 2,

p1{1} = p1 + ϕ1
1ϕ

1∗
2

[ϕ1, ϕ1]

=
{

1 − 2λe2δ[cosθ cosh 2λay − i sinθ sinh 2λay + cos(2ν + θ)]

1

}
e−2iy

p2{1} = p2 + ϕ1
1ϕ

1∗
3

[ϕ1, ϕ1]

= 2λeδ+iε−iy(cosν cosh 2λay − i sinν sinh 2λay)

1

(3.9)

u = 2(|p2{1}|2 + |p1{1}|2)

= 2

{
4λ2e2δ

12
(cos2 ν cosh2 2λay + sin2 ν sinh2 2λay)+ 4λ2e4δ sin2 θ sinh2 2λay

12

+
[

1 − 2λe2δ cosθ cosh 2λay + cos(2ν + θ)]

1

]2}
(3.10)

is a new solution of theKP equation to our knowledge.

4. The localized soliton solution of the equation (1.9)

The DT for (1.14)–(1.16) can be found similarly, for example, the solutions of the
equation (1.12) and (1.13),p1[2], p2[2] can be expressed as follows:

p1{2} = p1 + {ϕ1
1ϕ

1∗
3 [ϕ2, ϕ2] + ϕ2

1ϕ
2∗
3 [ϕ1, ϕ1] − ϕ1

1ϕ
2∗
3 [ϕ2, ϕ1] − ϕ2

1ϕ
1∗
3 [ϕ1, ϕ2]}

1

p2{2} = p2 + {ϕ1
2ϕ

1∗
3 [ϕ2, ϕ2] + ϕ2

2ϕ
2∗
3 [ϕ1, ϕ1] − ϕ1

2ϕ
2∗
3 [ϕ2, ϕ1] − ϕ2

2ϕ
1∗
3 [ϕ1, ϕ2]}

1

(4.1)

1 = [ϕ1, ϕ1][ϕ2, ϕ2] − [ϕ1, ϕ2][ϕ2, ϕ1] (4.2)

whereϕ1, ϕ2 are solutions of the equation (1.14)–(1.16) withξ = µ1, ξ = µ2, respectively.
To solve the equation

wx{2} = p{2}qT{2} q∗{2} + p{2} = 0 (4.3)

one gets the solution of the equation (1.9), but we can get it in an alternative way.
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We write theS matrix as follows:

S =
(
T E

F h

)
(4.4)

whereT is a 2× 2 matrix,E andF are 1× 2 and 2× 1 matrices, respectively, andh is a
1 × 1 matrix. Then

p{1} = p + E qT{1} = qT − F . (4.5)

Now we are interested in finding the solutionw of the equation (1.9). After theDT

(w{1})x = p{1}T
q {1} = w − pF − EF + EqT . (4.6)

From equation (2.4)

Sx =
(
T E

F h

)
x

=
(

0 p + E

q∗ − F 0

) (
T E

F h

)
−

(
T E

F h

) (
0 p

qT 0

)
it yields

Tx = pF + EF − ET
q . (4.7)

Combining (4.3) and (4.4), we have

w{1} = w − T

or

a{1} = a + µ∗
1 − |ϕ1

1|2
[ϕ1, ϕ1]

b{1} = c∗{1} = b − ϕ1
1ϕ

1∗
2

[ϕ1, ϕ1]

d{1} = d + µ∗ − |ϕ1
2|2

[ϕ1, ϕ1]
.

(4.8)

By iterations we get

a{2} = a + µ∗
1 + µ∗

2 − {|ϕ1
1|2[ϕ2, ϕ2] + |ϕ2

1|2[ϕ1, ϕ1] − ϕ1
1ϕ

2∗
1 [ϕ2, ϕ1] − ϕ2

1ϕ
1∗
1 [ϕ1, ϕ2]}

1

d{2} = d + µ∗
1 + µ∗

2 − {|ϕ1
2|2[ϕ2, ϕ2] + |ϕ2

2|2[ϕ1, ϕ1] − ϕ1
2ϕ

2∗
2 [ϕ2, ϕ1] − ϕ2

2ϕ
1∗
2 [ϕ1, ϕ2]}

1

c∗{2} = b{2} = b − {ϕ1
1ϕ

1∗
2 [ϕ2, ϕ2] + ϕ2

1ϕ
2∗
2 [ϕ1, ϕ1] − ϕ1

1ϕ
2∗
2 [ϕ2, ϕ1] − ϕ2

1ϕ
1∗
2 [ϕ1, ϕ2]}

1
(4.9)

1 = [ϕ1, ϕ1][ϕ2, ϕ2] − [ϕ1, ϕ2][ϕ2, ϕ1] . (4.10)

Now we begin with the ‘seed’pT = (0, 0), qT = (0, 0), the solutionϕ1, ϕ2 of the
equation (1.14)–(1.16) reads

ϕ1
1 = c1eµ1(x+y)+iµ2

1t ϕ2
1 = d1eµ2(x+y)+iµ2

2t

ϕ1
2 = c2eµ1(x−y)+iµ2

1t ϕ2
2 = d2eµ2(x−y)+iµ2

2t

ϕ1
3 = c3 ϕ2

3 = d3

(4.11)
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whereµ1 = ξ1 + iξ2, µ2 = η1 + iη2. For simplicity, we takecj , dj , (j = 1, 2, 3) to be real,
then

[ϕ1, ϕ1] = 1

2ξ1
(c2

1e2δ1 + c2
2e2δ2 + c2

3)

[ϕ2, ϕ2] = 1

2η1
(d2

1e2ρ1 + d2
2e2ρ2 + d2

3)

[ϕ2, ϕ1]∗ = [ϕ1, ϕ2]

= 1

(ξ1 + η1)+ (ξ2 − η2)i
(c1d1eδ1+ρ1ei(ε1−ν1) + c2d2eδ2+ρ2ei(ε2−ν2) + c3d3)

(4.12)

where

δ1 = ξ1(x + y)− 2ξ1ξ2t δ2 = ξ1(x − y)− 2ξ1ξ2t

ε1 = ξ2(x + y)+ (ξ2
1 − ξ2

2 )t ε2 = ξ2(x − y)+ (ξ2
1 − ξ2

2 )t

ρ1 = η1(x − y)− 2η1η2t ρ2 = η1(x − y)− 2η1η2t

ν1 = η2(x + y)+ (η2
1 − η2

2)t ν2 = η2(x − y)+ (η2
1 − η2

2)t .

(4.13)

Substituting (4.9), (4.10) into (4.6), we get the solution of equation (1.9). Now we consider
a special case

e2 = d1 = 0 c3 = d3 =
√

3
2 c1 = d2 =

√
1
2 ξ1 = 2 ξ2 = η1 = η2 = 1

(4.14)

b{2} = 4ei(2y+3t)/[cosh(3x + y − 6t)+ 3 cosh(x + 3y − 2t)]

a{2} = 2 − i − 4 cosh(3xu − 6t)/[cosh(3x + y − 6t)+ 3 cosh(x + 3y − 2t)]
(4.15)

whereb{2} is a localized soliton solution (figure 2 shows1
4|b{2}| with t = 0). This localized

soliton may be similar to the solution in [3].

Figure 2.
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Appendix

In [3], the authors deduced theDSIII equations as follows:

iqt − quu + qvv + (−ϕuu + ϕvv)q = 0

−irt − ruu + rvv + (−ϕuu + ϕvv)q = 0

2ϕuv = −qr .
(A.1)

By the transformationx = (u+ v)/2, y = (v − u)/2, equation (A.1) becomes

iqt + qxy + ϕxyq = 0

−irt + rxy + ϕxyr = 0
1
2(ϕxx − ϕyy) = −qr .

(A.2)

Now we assume that the functionϕxy is integrated with respect tox or y and the
function axy , dxy are integrated with respect tox, and all these constants of integration are
chosen to be zero,

dx − ax = −(ay + dy) ay − ax − dy − dx = −4bc . (A.3)

Comparing the last two equations of (1.9) with the first two equations of (A.2), we take

ϕxy = 2(dx − ax) or ϕy = −2(d − a) ϕyy = 2(dy − ay) . (A.4)

Using equation (A.3), we have

ϕxy = −2(dy + ay) or ϕx = −2(d + a) ϕxx = −2(dx + ax) (A.5)

which yields
1
2(ϕxx − ϕyy) = (−dx − ax − dy + ay) = −4bc . (A.6)

By using (A.4) and (A.6), we letb = q/2, c = 1/2; equation (1.9) is reduced to (A.2).
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